Current technology is not able to map the topography of rocky exoplanets, simply because the objects are too faint and far away to resolve them. Nevertheless, indirect effect of topography should be soon observable thanks to photometry techniques, and the possibility of detecting specular reflections. In addition, topography may have a strong effect on Earth-like exoplanet climates because oceans and mountains affect the distribution of clouds (Houze, 2012) . Also topography is critical for evaluating surface habitability (Dohm and Maruyama, 2015) .
Introduction
Efforts to detect and study exoplanets in other solar systems were initially restricted to gas giants (Mayor and Queloz , 1995) but multiple rocky exoplanets have now been discovered (Wordsworth et al., 2011) . Their climates depend mainly on their atmospheric composition, stellar flux and orbital parameters (Wang et al., 2014; Forget and Leconte, 2014) . But topography also plays a role in atmospheric circulation (Blumsack , 1971) and is an important trigger for cloud formation (Houze, 2012) . Furthermore, the presence of an ocean filled with volatile compounds at low albedo is of a prime importance to the climate (Charnay et al., 2013) . Last but not least, surface habitability relies on the presence of the three elements: the atmosphere, ocean and land (Dohm and Maruyama, 2015) . Topography is also the determinant of ocean and land cover.
Thanks to different observations techniques, measurements of the atmospheres of hot Jupiter planets have been achieved (Seager , 2010) . Significantly, the detection of clouds has been reported (Demory et al., 2013) indicating strong heterogeneity in their spatial distribution. The detection of the first atmospheric transmission spectra of a super-Earth (Bean et al., 2010) and the discovery of a rocky exoplanet in the habitable zone around a dwarf star opens a new area in exoplanet science (de Wit et al., 2016) . Such observations are expected to be increasingly frequent (Tian, 2015) . Nevertheless, with current technology, direct imaging of exoplanets is very difficult because the objects are too faint and too far away. For the moment, the only way to determine the topography is by statistical models.
In the near future, photometry techniques should improve our knowledge of exoplanet topography , even if the bodies are not resolved in ways similar to the small bodies in our Solar System (see for instance Lowry et al. (2012) for estimates of the shape of comet 67P before the Rosetta landing). In addition, if oceans or lakes are present, their specular reflection should be detectable , for example, as also observed through the haze of Titan (Stephan et al., 2010) . Even if exoplanets are too far to be resolved, their topographies should be studied now. We offer here a framework to prepare and interpret future observations. Recently, we reported the first unifying statistical similarity between the topographic fields of the best known bodies in the Solar System: Earth, Moon, Mars and Mercury (Landais et al., 2018) . All these topographies seems to be well described by a mathematical scaling framework called «multifractals». The multifractal model, initially proposed for topography by Lavallee et al. (1993) describes the distribution and correlation of slopes at different scales. More precisely, we consider here the "universal multifractal" model developed by Schertzer and Lovejoy (1987) . The accuracy of such a model has been tested in the case of different available topographic fields on Earth (Gagnon et al., 2006) , Mars (Landais et al., 2015) , Mercury and the Moon (Landais et al., 2018) . This model has the advantage to reproduce closely the statistical properties of natural topography: the scaling properties, but also the intermittency (both rough and smooth regions can be found on the planets). Universal multifractals depend on only 3 parameters: H controls how the roughness changes from one scale to another and C 1 controls the spatial heterogeneity of the roughness near the mean and α quantifies how rapidly the properties change as we move away from the mean topographic level. The bodies studied show transitions at~10 km and are characterized by specific multifractal parameters (Landais et al., 2018) . The scaling law at large scales (> 10 km) is characterized for the Moon by H = 0.2, Mercury by H = 0.3, Mars and Earth by H = 0.5. The α ∼ 1.9 for the Earth, Mars and Mercury but α ∼ 1.4 for the Moon. The C 1 ∼ 0.1 for Earth and Mars, with lower values C 1 ∼ 0.06 for Mercury and C 1 ∼ 0.03 for the Moon. These differences are interpreted to be linked to dynamical topography and variation of elastic thickness of the crust (see table 1 ).
Assuming that exoplanets are statistically similar to those observed in our own Solar System, we propose here a stochastic topographic model. Such models will be very useful for investigating the distribution of exoplanet oceans, for studying the effect of topography on exoplanet climates, and for studying the effect of topography on their orbital motions or for determining the effect of topography and roughness on photometry. It can also be used to study the early climate on Earth.
The purpose of this article to first present our statistical model and its implementation on the sphere we then discuss the distribution of oceans and land cover. An introduction to the multifractal formalism can be found in the next section.
Method

Universal multifractals
The first application of fractional dimensions on topography was by B. Mandelbrot in his article "how long is the coast of Britain" (Mandelbrot, 1967) . Fractals are geometrical sets of points that have scaling, power law, deterministic or statistical relations from one scale to another. This type of behavior has been observed in geophysical phenomenon including turbulence -clouds, wind, ocean gyres -but also faults in rock, geogravity, geomagnetism and topography (Lovejoy and Schertzer , 2007) . The most common way to test scaling is to study the dependence of various statistics as functions of scale. Topographic level contours (isoheights) are fractals if for example the length of the contour is a power law function of the resolution at which it is measured. In this case, the level set is "scaling" and the exponent is its fractal dimension. In real topography, each level set has its own different fractal dimension so that the topography itself is a multifractal (Lavallee et al., 1993) . Numerous studies haves shown that in several contexts, topography is scaling over a significant range of scales (see the review in Lovejoy and Shertzer , 2013) . If the topography is multifractal, fractal dimensions measured locally appear to vary from one location to another.
Indeed multifractal fields can be thought as a hierarchy of singularities whose exponents are random variables. Modern developments have introduced the notion of multifractal processes for such fields. For such processes, a local estimate of a fractal exponent is expected be different from a location to another without requiring different processes to generate it. With multifractals, it is possible to interpret the topography of regions that exhibit completely different slope distributions in a unified statistical framework. These models suggest global topography analyses are relevant despite of their diversity and complexity. Previous studies (Gagnon et al., 2006; Lavallee et al., 1993) have established the accuracy of multifractal global statistical approach in the case of Earth's topography. More precisely, a particular class of multifractal has been considered: the universal multifractal, a stable and attractive class (Schertzer and Lovejoy, 1987) . In our previous analysis (Landais et al., 2015) , we performed the same kind of global analysis on the topographic data from Mars, from MOLA laser altimeter measurement (Smith et al., 2001 ). This analysis also find a good agreement with universal multifractal but on a restricted range of scale (Landais et al., 2015) . Indeed the statistical structure has been found to be different at small scale (monofractal) and large scale (multifractal) with a transition occurring around 10 km.
Fluctuations In order to interpret topography as a multifractal, we must quantify its fluctuations. The simplest fluctuation that can be used to describe topography is the distribution of changes in altitude ∆h over horizontal distances ∆x. There are many other ways to define fluctuations, the general framework being wavelets. The simple altitude difference corresponds to the so called "poor man's" wavelet and can be efficiently replaced by the Haar wavelet that tends to converge faster and is useful over a wider range of geophysical process. Over an interval ∆x, the Haar fluctuation is the average elevation over the first half of the interval minus the average elevation over the second half (see Lovejoy, 2014; Lovejoy and Schertzer , 2012) 
Statistical moments Additionally, instead of simply considering the average (i. e.the first statistical moment of the fluctuations), we can compute any statistical moment M q of order q defined by M q =< ∆h q > ; M q is called the q th order structure function. If q = 2, it simply corresponds to the usual (variance based) structure function. In principle, all orders (including non-integer orders) must be computed to fully characterize the full variability of the data.
Multifractality M q allows us to introduce two distinct statistical structures of interest: monofractal and multifractal. For a detailed description of the formalism we apply in this study, the readers can refer to Lovejoy and Shertzer (2013) briefly summed in Landais et al. (2015) . We quickly recall the main notions here :
• In the monofractal case the parameters H is sufficient to describe the statistics of all the moments of order q (equation 2). In this case, no intermittency is expected, meaning that the roughness of the field is spatially homogenous despite of its fractal variability regarding to scales. Typically, the value H = 0.5 corresponds to the classic Brownian motion. This kind of model has been used in many local and regional analysis of natural surfaces (Orosei et al., 2003; Rosenburg et al., 2011) , but it fails to account for the intermittency (and strongly non-Gaussian statistics) commonly observed on large topographic datasets.
• In the multifractal case, H is no longer sufficient to fully describe the statistics of the moments of order q. An additional convex function K(q) depending on q is required (3).
• The moment scaling function K modifies the scaling law of each moment. The consequence on the corresponding field appears clearly on simulations: the field exhibit a juxtaposition of rough and small places that are clearly more realistic in the case of natural surfaces (Gagnon et al., 2006) . Moreover, it is possible to restrain the generality of the function K(q)
by considering universal multifractals, a stable and attractive class proposed by Schertzer and Lovejoy (1987) for which the multifractality is completely determined by the mean
(codimension of the mean) and the curvature α of the function
dq 2 evaluated at q = 1 (the degree of multifractality). In this case the expression of K is simply given by equation 4
Spherical multifractal simulation
Simulations in 1D or 2D with multifractal properties and specific values for α, H and C 1 can be obtained by the procedure defined by Schertzer and Lovejoy (1987) ; Wilson et al. (1991) . The necessary steps are briefly reminded here after :
• Step 1 : Generation of a un-correlated Levy noise γ α (r). When α = 2, it simplifies to a gaussian white noise whereas α < 2 corresponds to an extremal levy variable with negative extreme values.
•
Step 2 : Convolution of γ α (r) with a singularity g α (r) defined by equation 5 to obtain a Levy-generator Γ α (r), by using a convolution denoted by " "
Step 3 : Exponentiation of the generator to obtain the multifractal noise ε ε = e Γ
• Step 4 : The final field is then obtained by fractional integration of order H (another convolution similar to step 2)
Whereas the convolutions required for step 2 and 4 can easily be performed in Fourier space for the cartesian case, the generalization to spherical case is not straightforward, but as shown in appendix 5D of Lovejoy and Shertzer (2013) , it can be done using spherical harmonics. Let θ and ϕ being respectively the colatitude and longitude angle, the singularity can be expressed by equation 8.
As it is symmetric by rotation along ϕ, g α (θ, ϕ) only depend on θ.
Let the spherical harmonic expansion of g α (θ, ϕ) be given by equation 9, where Y lm is the spherical harmonic of order m and l. As g α (θ, ϕ) does not depend on ϕ, all the Y lm for m = 0 are equal to zero.
Let the spherical harmonic expansion of γ α (θ, ϕ) be given by :
Then the convolution C of g α (θ, ϕ) and γ α (θ, ϕ) is given by : 
Results
Solar System
In this section, we recall the main results of the planetary bodies of the Solar System. On Figure   1 , we have plotted the mean normalized fluctuations of altitude as a function of scale on a log-log plot. The easiest way to define fluctuations at a given scale ∆x is to take the simple difference of altitude between two points separated by the distance ∆x. We average all of these fluctuations over the whole planetary body. As we are focusing on statistical properties, the results on figure 1 have been normalized in order to emphasize the transition between 2 distinct range of scales. We analyzed the generated random field and show that the estimated H, C 1 and α are in agreement with the expected values for a large range of parameter space. Given its simplicity and its accuracy in the case of several real topographies, the multifractal model should be a good candidate for producing artificial topographies of (exo)planets. Figure 2 provides several examples of spherical topography obtained by our simulation model for varying values of C 1 and H. One can see the interesting multifractal features . In the case of non-zero C 1 , the roughness level is highly heterogeneous with an alternation of smooth and rough terrains depending on the altitude. This features makes the multifractal simulations much more realistic by (implicitly) taking into account the possible occurrence of oceans or large smooth volcanic plains that are statistically different from deeply cratered terrains or mountainous areas where the level of roughness is high. Whereas the value of H controls the rate at which the roughness changes with scale (see figure 2a) , the value of C 1 = 0.1 controls the proportion of rough and smooth places (see figure 2b) . A high value increases the roughness discrepancies between locations. One has to remember that only the scaling laws are simulated here, neither the absolute height, nor the radius of the planet. Vertical exaggeration has been set arbitrarily in order to maximize the visual impression. Nevertheless, the variety of shapes and roughnesses produced are astonishing and in addition to terrestrial planets, could potentially even be realistically applied to small bodies including asteroids and comets.
Exoplanets
To estimate the properties of potential exoplanet surfaces, we conducted a statistical analysis of oceans and continents obtained from 500 simulated multifractal topography fields at 1°spatial resolution with the set of parameters obtained for the global estimates on Earth (H = 0.5, α = 1.9, C 1 = 0.1). In order to deal with the notion of oceans and continents, one must first define the sea/land cover. We define the sea level s, as a quantile of the global topographic distribution. This definition simply means that at quantile s, the sea level is such as s is also the surface proportion of the sea. For instance, (i) s = 0.5 is the median altitude and half of the planet is ocean covered , half by land; (ii) s = 0.9 means that 90% of the planet area is ocean covered and 10% is land.
Oceans and continents are respectively defined as disconnected areas located beneath or above the sea level s. We plotted on figure 3 a example of synthetic multifractal topographies with varying ratio s.
On Figure 4 we plotted the size of the largest continent and largest ocean as functions of s.
We summarized the 500 experiments by computing the average, standard deviation and minimum/maximum. As one can see, the simulations produce typically one large ocean or one large continent with a size close to the maximum available area indicating that it is highly improbable to obtain two disconnected large areas. However, at respectively very small or very large values of s, the available area is split between several small oceans (conversely, large s and small continents).
Finally, we apply the same analysis on the particular case of Earth based on ETOPO1 ( From this study, we can exclude the situation of two large unconnected oceans, representing a global sea surface > 50%. The same for two large unconnected continents, representing a global sea surface > 50%. As a summary, the interface between land and sea, so important for habitability, can be statistically constrained by this model.
Conclusion
Multifractal simulations on spheres are able to statistically reproduce the morphology of planetary bodies, and even potentially small bodies such asteroids and comets. In addition, it offers a wide field of investigation for evaluating the role of the topography in exoplanet signals , thanks to photometry and specular reflection, this is especially true for transiting objects . The simulations will serve as a starting point for future studies aimed at characterizing the overall photometric response of unresolved rotating bodies. Our synthetic numerical topographies can be integrated into the development of realistic exoplanet climate simulations in different contexts by integrating the roles of clouds and surface / atmosphere interactions. In particular, exoplanets in gravitational lock are subjected to climatic instabilities (Kite et al., 2011) . In particular, our results suggest that it is statistically highly unlikely to have two major united oceans on either side of the globe.
If the dark side is too cold and the sunny side too hot to allow the presence of liquid water, the topography could contribute to creating to a global glacier, continually moving the volatile elements from the illuminated side to the dark side. This dynamic state should significantly increase the presence of liquid water at the terminator with consequences for habitability.
By construction the statistical properties of all our simulations are isotropic. The procedure used can be modified to generate anisotropic topographies but poses a number of technical problems that have not yet been addressed. Anisotropy adds degrees of freedom that make the problem more complex both in generation but also in determining parameters on real data. To deal with this question, we should consider implementing the formalism of generalized scale invariance (GSI, Schertzer , 2011) as a future work.
We provide a 3D visualization of some examples with varying parameters (https://data.ipsl.fr/exotopo/).
In addition, a dataset of synthetic spherical topographies can be downloaded by the reader (http://dx.doi.org/10.14768/20181024001.1)
